
Math 4550

[Homework 5

Solutions
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⑮
Us = [1 ,

9
,
9292,

93 4 : Us - Is

&s=0 ,
i ,

2
,
5

,
5

, 53 9 (9) = E is given

Sincea is a homomorphism we get that

g(xy) = y(x) + q(y)
- ↑

uperation operation
in US in Is

We get :

2to identity

3(1) == identity goes

q(5)=
ci

9 (34 = y(53) = 9(5) + y(f) = z +z = π

3(33) = y(533) = y(3) + q(3) + q(x) = z +2 +i = 5 = T

j = 3

9 (34 = q(5) + q(7) + q()) + q() = i+ +i +z =

- S

1US I
& :--D2-



⑪
② +

= 5,T ,
2

,5} is generated by T which

has order 4.

Let's find the elements ofTo that have

urders that divide
4.

5 and 5
ordersFin

Thus a
homomorphism & : Ey -> Eg has

two possibilities :

case Ii g(i) = 0

- -

case 2 : p(T) = 3

-

Let's draw these out.

(x+ y) = q(x) + y(y)
↑

operat operation



a
: q(T=

9 (0) = entitygoes
to identity

9 (i) = 0

q(z) = q(T + T) = y(i) + g(i) = 0 +5 = 0

g (5) = q(i + i + i) = 3(i) + q(i) + q(i) = 5 + 5 + 5 = 0

&

24

G
6

· 5

-
26

2: q(T) = 5
case

identity goes
Then : CP() = J F to identity

-

p(T) = 3

y(z) = p(i) + q(i) ·=3+ 5 = J =5

p(z) = q(i)+ q(i) + 3()
= 5 +3 + 3

-

= = 3



⑤ Us = [1,
3
,
93 is generated by 5 of order 3.

Let's find the elements of Eo = S
,
T

,
2

,
5

,
4

,5)

of order dividing 3.

have ordersFthe element

that divide 3.

Thus a
homomorphism & : Us & Is has

three possibilities :

Case 1 : &(5) = 0

-

cay
2 : g(5) = 2

eye3: y(9) = 7

Let's draw them out.



: g(xy) = q(x) + q(y)
↑

operative operation
in U3 in 26-
-

Us

al: 9(9) = 0
-

Then : identity goes

g(s) =

& Dig(1) = 07 to identity

q(94 = y(x+ q(s)
= +0 = 0

q((3) = q(s) + y(31+ q()
= + 5 + 0 = J

-
26

Cage
2: g(s) =z Us

& -Then : identity goes

g(1) = 07 to identity P-q(3) =2
· 3

q(94 = y(x+ q(s) J-

=2+ z = 4

q((3) = q(s) + y(31+ q()
-

= z + z + 2

= J

-



cays: g(s) =i
Us &6

Then : identity goes&
g(s) = 4
g(1) = 07 to identity

Gq(94 = y(x+ q(s)
= 4 +4 = z

q((3) = q(s) + y(31+ q()

=
i +y +4

= T = J

-



⑳ Us = 51 ,
3

,
93939") is generated by 9 of orders .

Let's find the elements of Ey that have

urder dividing S.

G=
Thus the only

homomorphism 9 : Us-Ry must

satisfy q(9) =

0

.
US Zy

3(1) = 0

q(9) = 5

Then we get :

D↑ (54 = y(s) + q(7)
= j +j

=J

q(f3) = q(9) + q(9) + q()

=+ 5 +5

=

e(j") = q(9) + q(9) + q() + y(s)

=+ 0 +5 + 5

=



⑰
& = Gi ,

2
,
5

,45] is generated by T which

has order 6 -

Let's find the elements of Es that have

urders that divide 6.

Finda

orders that

divide 6
.

C

Thus a
homomorphism & : Eg -> &g has

three possibilities :

case Ii g(i) = 0

-

CaSe 2 :
-T
case 3 :
-

Let's draw these out.

&Use: +(xyy) = q(x) + y(y)
↑

operation operation
in 26 in 23



Lase1 : <(i) = 0 2

Then : glottitegoes
to identity

And, q(z) = p(i +i)

= y(i) + y(i)↳=+

= J
Te

and so on , every

element will get 5 .

mapped to

case 2 : q(T) = T
-

Then :
26 23
-glolizegoes

To
- J

to identity O .

↑ (2) = q(i +i) --= q(i) + y(i) Z
o I

= i + T = z 5 -- -

Similarly ,

j j-

3)(5) = p(T) + p(i) + 9 (T)
40
-o 2

= i + T +T = 5-

g(i) = i +i + T +T

= i =T

q(5) = T +T +T + T +T

= 5 =2



3: q(T) = 2

Then :
26 23

g() = 0 titegoes J.to identity

= q(i) + y(i)
↑ (2) = q(i +i) E= I+z=π=T

3)(5) = p(T) + p(i) + 9 (T)

=
-

+ z +z =5 = 5
2

Similarly,

y(i) = 2 +z+ z +2

= 5 =z

-

+z +z +2

q(j) = 2 + 2

-

-- I
= 10



⑧ 2= 3 .
.

..
- 3

,
-2

,
-1

,
0
,

1
,

2
, 3, ....

is an infinite cyclic group .
I is a generator

We can send T to any
element of 23 = Esi, 23.

eli
Then :

2

Politegoes

q(1) =

q(z) = g(1 + 1)
23

=q() +q()
-

= J

q(3) = q(1) + q(i) + q(1)

= of o

to identity

F=+0 + 5 =0
- 1.

similarly , q(n) = 5 if >o
- 2.

q(1) = [4(1)]-
=

"
= J

4(- 2) = y(-1) + 47 1)

= + v = 5

Similarlyplul= o if no

So
, p(n) = 0 for all n.



2: g(1) = T

Then :
2

identity goes &&P(0) = E
to identity :

q() = T So

q(z) = g(1 + 1)
Ye 23

-

= i + T = 2

q(3) = q(1) + q(i) + q(1)

=q() +q()

D= i +i + T = 5

(it cycles T
,
z,,

T ,
2

,

:

, ... )

·9(4) = T

e(s) = z
- 2.

9(6) = T

and so on...

Also, -
q(1) = [4(1)]- :

= T" = E

4(- 2) = y(-1) + 47 1)

= z +z = T

P(-3) = 2 + 2 +z = 0

q(4) = z
-

p(- s) = 1

9)-6
= 5

and so o n...

Cit cycles [
,Tj,2,, .

. . )



↓3 : g(1) = 2

Then :
2

-
entizegoes

P(0) = E
to identity

9 (1) = 2 So

q(z) = g(1 + 1)

=q() +q()
3

=2+ z= 5 =T
2.

q(3) = q(1) + q(i) + q(1)

=
2 + z +z =5 =

(it cycles j,,,
I,. . . ) BG (4) = E

e(s) = T

9(6)=

and so on...

Also,

q(1) = [4(1)]-
= z= T

4(- 2) = y(-1) + 47 1)

= i +T = z

P(-3) = T +i +i =

g(4) = T

p(- s) = z

q(-6) =

and so o n...

Cit cycles T
,
2 , ,T

,
2,j, .

. .



⑭
Suppose 4:- 2 is a homomorphism with g(1l = 5.

Since o is a homomorphism we know

that g(x + y) = q(x) + q(y) for all X ,7EX
.

Then :

&Glo) = 0 = identity goes to identity

9 (1) = S

g(2) = y(1 + 1) = 3() + 3(1) = 5+ 5 = 10

-(3) = g(1 + ( + 1) = g() + g() + g() = S + 5 + 5 = 15

: :

and so on ,
if no then

-
g(n) =M+(+... + g() = S + S +... + S = Sn

n times

n times

y(k = q(1)"=
5= - S

-

here I mean

inverse inthe additive group I

q(- 2) = 31-1)+ q(- 1) = - 5 - 5 = - 10

ii
and so on

,
if no then

9 (n) = y(- 1) + q(- 1) + .. . + y(- 1) = - S - 5 - ...

- S = 5n
-

-
- n times

- n times

&4(n) = En for all nEZ
.



⑩ Let e be the identity of G
.

⑪ Let XEG .
Then

,

(x) = Ex (n = z}

= ( ...,
x

, xyx,
e
,
x

,
xix

.... 3

= ( ...,
(x))

,
(x)

,

x, e
,
(x), (x))(x,]

= E(x
+) (n = 23

-
*
⑮ This follows from part (a)

.

If X has infinite order then <x

is infinite and then so is < XK .

Thus X" has infinite order .

If x has finite order n
,

then

n = kx)) = (xk)
↑a
-x"

has order n also.

Al



⑮
LetQ with mine,

no

We will show that I cannot generate Ch

If E = 0
,

then <*) = Gob ·

So in this case # does not generate Ch

Suppose0.

Then ,

(E) = E...,-z ,
0,,...

Note thatE
but <E) .

Thus, does not generate
C

-~newTb
Thus

,
in either case does not generate Ch

So
,

Ch is not cyclic .

⑪



⑭ (Method 1)

Suppose IR is cyclic.

Than from class ,
sinceR is an infinite

cyclic group ,
there exists an

isomorphism 4:
- R.

But then a
is a bisection

Cone-to-one
and onto) between

I and IR.

However ,
from Math 3450 we

know

that I
is countable

and

IR is not countable .

That is ,
no

such
bisection

exists .

Trace
R is not cyclic.

&

Method 2 : Do a similar proof to

What
I wrote for 11(a) .

A



Cu
4:

-> 23
2 a((x) = :

So

Thus, Ye

q(0) = 0 3.

g(i) = T
2.

y(z) = 2
10

q(3) = 5= I
3(2) =

- 2
M-

=Tp(y) = 4

g(s) = 5 = 2

and so on...

=z
g( 1) = - 1

-

= T

& (- 3) =
=3 =0
-

(- 4) = 4 = 2
& T
y(-5) = = =

and so on...



⑮
Given X , YEZ we have

& (x + y) = x+ y = y + y = y,

(x) + cn(y)
↑ ↑

operative
def of n-In

Thus
,
I is a homomorphism. #
-

⑮
↳

isatn ①Then X-I and

q(x) =

Thus,In is onto.

2n

-isnot
one-toone

%qn(o) =

and (n) = n = 0

Thus, eCol = en(n)

but Of n.

So, In is not one-to-one .



⑰
We have that

ker(q) = EX(x2 and G(x) = 0]

= Ex(x2 and Y = 5]
= Ex(x2 and x = 0 (modn)]

= Ex(x2andn((x - 0)]

= Ex(x = zandn(x]

=[x(x2 and
= Enk(m= 2)

R


